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Abstract 

Eigenstates of the parabose and parafermi creation operators are constructed. In the 
Dirac contour representation, the parabose eigenstates correspond to the dual vectors of 
the parabose coherent states. In order p = 2, conserved-charge parabose creation operator 
eigenstates are also constructed. The contour forms of the associated resolutions of unity are 
obtained. 
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1 Introduction 

Eigenstates of the ordinary bose creation operator were constructed in Ref. [1] using Heitler's 
contour integral form of the 5-function[2]. These eigenstates correspond to the dual vectors of the 
coherent states in Dirac's contour representation of boson systems [3, 1,4]. It is natural to inves- 
tigate whether such creation operator eigenstates can also be constructed for paraparticles[5,6]. 
Parabose coherent states were proposed in [7], parafermi coherent states in [6], and recently, 
parabose squeezed states in [8]. 

In this paper in Sec. 2, the eigenstates for the parabose creation operator are constructed. 
Heitler's form of the (^-function is used, so the expansion coefficients for these eigenstates in the 
parabose number basis are actually distributions. In Sec. 3, paragrassman numbers are used in 
the construction of the eigenstates of the parafermi creation operator. In the number basis, the 
expansion coefficents for the / eigenstates and for the p eigenstates are paragrassman numbers, 
and so in this case, there is also an enlargement of the usual Hilbert space description. Lastly, 
in Sec. 4, the conserved-charge parabose creation operator eigenstates are constructed for the 
two- mode parabose system in order p — 2. In each section, the respective contour forms of the 
resolution of unity are derived. 



2 Eigenstates of the Parabose a) Operator 



For a single-mode parabose system, the number basis is 




Nb\u >= n\n >, 



(1) 



1 



where Ng is the number operator Nb = ^{a a} — | with p the order of the parastatistics. The 
eigenvalue of the deformed parabose number operator [N B ] is 

[n]=n + ^(l-(-n (2) 
with [n}\ = [n][n — 1] • • ■ [1], [0]! = 1. The parabose number states statisfy 



a\n >= \f\n]\n - 1 >, a)\n >= ^[n + l]\n + 1 > (3) 
In this basis, the unnormalized coherent states [7] are 



oo n oo n 

^ I T— 1/ T— 1 / \ X > *^ 



k>=y -£=|n>=£Cza + )|0>, E(x) = y frr (4) 

n= 0v /M! n= M ! 

with a\z >= z\z >. 

We denote the eigenstate of the creation operator by a "primed" ket \z > , 

o^z >'= >', (5) 

and expand it |z >'= X^o c n (^*)|n > in the number basis. By (3), the resulting recursion 
relations are 

c z* = 0, ci 2* = ^/[TJ c , ■ • • ; c n 2* = ^nf c n _i, (6) 

or c n = ^^ co. By the Cauchy integral formula for an analytic function f(z*), or alternatively 
by use of Heitler's 5-function [4] in the contour integral^ , it follows [1] that 

Cb = ilo.=*CO (7) 



z 

[n}\ {-TJM- 



{z*) n + llC * n\ 



6 {n) (z*). (8) 



Note /(0) = § c , £ f(z*)6(z*); the n-th derivative /C»>(0) = n\ § c , |£ j^flr = (-)" ^ /(a?) 



The notation \ c * means that the subsequent integration over z* must be over the counterclockwise 
contour C* enclosing the origin in the complex z* plane. 
So, the eigenstate of a) is 

\z> => t 5 (n) (z*)\n >= V . v . — w > \ c * = > / . > U (9) 

n=0 n=0 ^ / n=0 ^ ) 

and, formally (in the number basis) 

1 , 

1 -at 1 1 v 7 

Note that the action of integer powers of (a*) m removes the contribution of the number states 
n < m in this expansion; e.g. 

o)\z >'= a f -10 > \ c * = z* -10 > \ c * - 10 > \ c * = z* \z >' 

z* — aJ z* — a* 

since the |0 > \c* term gives no contribution because of the subsequent contour integration. 

In the Dirac contour representation, the dual vector < a\ of the parabose conherent state \a >, 
given above in (4), is [10] 

~ (a*)" » yJW-(a*) n 1 /ii I i\ /„, 
<a => < n ^> -5— — ^=^= = , ( z > a ). (11) 

n =o \J[n\\ n =o z y|nj! z " 
with < a\af =< a\a*. Thus, the eigenstate \z >' of in the number basis corresponds to the 
parabose coherent state's eigenbra < a\ of a) in the Dirac contour representation. 

The inner product of the unnormalized parabose coherent state \w > and the eigenstate \z >' 
is given by 



> vH ! 1 1 ^ (w*) n 

<w \z>= ^ <n\ f — f l^ m+1 \m> \c* = 2^ 
1 



n,m=0 y / [n]\W n+ir " " ^0 i**)™^ 



\c* 



z* — ur 



c* 



<5(z* - w*), (|*| > |w|) (12) 



and so they satisfy the "contour form" of the resolution of unity, see [3], 



,*\ra oo 



dz* , . ^ i dz* VN' . . (z*j ^ . . , 

, \z > < z \= > <b - V — \n >< mP-p= = > \n><n\=I. (13) 

c* 2m n ^ =0 7c* 27T. (z*)^ Tj^jj ^ 



Remark: This resolution of unity can be used to derive a contour integral expressions for the 
parabose Hermite polynomials [11]: From (13), the parabose coordinate eigenstate \x > can be 
written as 

i V^i dz* . 

x >= > n > 1 —— i - — — — < z\x >, (14) 

where < x\z > is the wave function of the parabose coherent state in the parabose coordinate 
representation. We consider 

1 1 

< x\z >= — < x\x\z >= — ■= < x\(a + a))\z > (15) 
x ' xV2 

From(3), c.f. eq.(14) for the parabose deformed derivative D/Dz in [10], 

a?\z>= ■0-\z>+(^±)\z>-(^±)\-z>, (16) 



so (15) gives 



dz 1 y 2z n y 2z 



— < x\z >= (-z + x\/2 - ^— — ) < x\z > — ) < x\ - z > . (17) 

oz 2z 2z 



This has the solution 

< x\z >= N e~^~^E(V2xz) (18) 

with iVo a normalization constant. Substituting this into (14) gives 

2 °° \/W r dz* < *i 2 

\ x >= N e~^ V \n > i ——e-^E(V2xz*) (19) 

1 ^ 2m Jc* (z*) n+1 y ' y ' 

But from [11], in the parabose coordinate representation 

\x>=J2\ n ><n\x>=N e--J2\ n >^r^=^ (20) 



n=0 n=0 



L 2" J ( _\k(c) \n-2k 

^■w'Sw (21) 

where [k]' denotes the largest integer less than or equal to k. So since the \n > are complete, 



3 Eigenstates of the Parafermi /t Operator 

In the finite dimensional Hilbert space of a single-mode parafermi system, the number states can 
be written as 

|n>=^=|0>, N f \n>=n\n> (23) 



w 

where Nf = \[f\ f] + § is the parafermi number operator. Here 

{n} =n(p+l-n), {n}\ = {n}{n - 1} • • • {1}, {0}! = I. (24) 

with n an integer, < n < p. In this basis, p\n >= \J {n + l}\n >, f\n >= {n}\n — 1 >. 
Since p\p >= 0, there is the useful fact that 



n > 



To describe the parafermi eigenstates of / ( and of p ) in this number basis, we use [6] para- 
grassman numbers £ obeying = 0. The unnormalized eigenstate of the parafermi annihilation 
operator / 

le >=!>> -7= (26) 

satisfies the eigenequation /|£ >= |£ > £. In this formulation, |£ > is expandable in the number 
basis, c.f. [6]. Note that £ stands to the right of |£ >. The overlap of two eigenstates |£ > and 



IC>is 



P (t*\n/-n 

< eic>= E u 



to W! 

where £* is the conjugate of £. By the paragrassmann integral formula (see appendix) 



(27) 



jC d^,0 (0™ = ^ {n}\ 



(28) 



and (26), there is the resolution of unity 



/ \t>diM(t,C)<t\ = I, 



(29) 



To constuct the eigenstates of the parafermi creation operator p, we recall (25) and consider 



These are the desired eigenstates since 



P-i 



/ f |e >'=J2\n + l>(-O p - n 



n=0 



{ n+l V- — V It? > (-fi*)P- n+1 

-ie>' r- 



(30) 



(31) 



The overlap of these eigenstates is 



'< { |c>'=Eg«-(c 



As for the / eigenstates in (29), the eigenstates |£ >' obey a resolution of unity 



/ ie>Xt,o '<£i = / 



where 



(32) 



(33) 



(34) 



This follows from (26) and (30) by 



= e i n > f(-n p - n dn(e,o(-o p - m < 



m\ 



{n}\{m}\ 



n,m=0 



V- W ! / 1,1 I T 

— ~t~ n\P ~ n \-\ n >< n \ — * 

n,m=0 iPi- 



where we have used the fact that {n}\ = ^z^y - 

Furthermore, with the aid of the differentiation formula (see appendix) 



(35) 



(36) 



we have 



d 



which give the matrix elements of p, /, 



, d 



<ei/ t ie>'=r <m>'=- <eie>' t, 



(37) 



9 
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Alternatively, these equations follow from (26) and (30) since 

<^>'=-fc£=EH B (rrrr 



<9e 



(38) 



(39) 



Lastly, as in the parabose case (13), there is a contour-like-form resolution of unity for the p 
and / eigenstates: 



/ ie >' rf p r < ei = E x 

n,m=0 \ 



Ml 



n > y (-D P " n ^* (D m < m| 
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p 

= ^2\n><n\= I (40) 

n=0 

where we have used 

/ tfe(cy= P \, J d p r(rr = o (o<n<j9), (4i) 

and £* d p £* = — d p £* £*. Note that in (40), as in the parabose case (13), the integration is only 
over a single variable in the contour form of the resolution of unity, whereas in (29) and (35) it is 
over two variables as for the usual parabose coherent states. 



4 Conserved-Charge Parabose Creation Operator 
Eigenstates for Order p = 2 

The parabose creation and annihilation operators for the two-mode system satisfy the trilinear 
commutation relations 

[a k , {a}, a m }] = 28 M a m , [a k , {a}, a^}] = 25 w a^ + 28 km a}, 

(42) 

[a k , {a h a m }\ = 0, (k,l,m = 1,2) 
where a\ = a, a 2 = b. Since a6 7^ 6a for p > 2, there is a degeneracy in the states with n 
parabosons a and m parabosons 6. For such states, we find [9] that the degree of degeneracy is 
"min(n, m) + 1" . The complete set of state vectors is[] 

| n?m;z >= _^( a t)n-i+5 (6 t)m-2[^] (a t 6 t)2[^] (a t)i-5-2[i^]| > (43) 

/JV* 



where iV* m is the normalization constant, and 5 = |(1 — (— ) m ), and i is the degeneracy index 
1 < i < min(n, m) + 1. For parastatistics of order p = 2, the {\n, m; i >} are an orthonormal set 
4 Note that here in Sec. 4, but not in Sec. 2, [x] denotes the integer part of x for x > 0. 



basis vectors with normalization constant 



«J 2 = 2«-[^]![^^]![^]![^±^] 



(44) 



In this basis, a\ b\ a, b also act as raising and lowering operators (the explict fomulas are given in 
eqs.(15-18) in [9]). 

If we consider a and b to be two types of parabose quanta possessing abelian charges 
and then the charge operator is 

Q = N a -N b (45) 

with N a = |{a^, a} — 1, N b — \{b\ b} — 1. This charge operator Q commutes with the operators 
cfttf and Wa\ so their common eigenstate should satisfy the eigenequations 

Q | q,z, w >'= q\ q,z,w >', 

(46) 

a)tf | q, z,w > = w*\ q, z,w > , tfa? \ q, z,w > = z*\ q, z,w > . 
Expanding | q, z,w >' in terms of the complete set of orthonormal basis vectors \n, m;i > for the 
two-mode parabose system, for q > we have from the Q eigenequation (46) 



OO TO+1 

\q,z,w >'= c l+m,m \q + m,m;i> 

m=0 i=l 

From the remaining two eigenequations, we obtain the coefficients 

/ \m2"i / r q+m+i i j r q+m+l-i i ; 



(47) 



-y 2 m I 1 r m+l-i l I r q+m+i ' I q+m+l-i \ 



f]![^]! 



where the integers 



r = 



s = 



(w*y+ s (z*y+ r 



m-(-)i+ m+i i . l-(-) q 



\C*,B* 



(48) 



m+(-) g+m+ ^ , l+(-) 9 



The counterclockwise contours C* and B* enclose respectively the origins in the complex z* and 
w* planes. Since for a specific g-sector the overall , 1 q+i -- is constant, we omit it in the following 
analysis. 

We list results for only the q > sector: in it the unnormalized dual vectors are 

00 m+l 9™ j\ m+i 1 1 r m+l-i 1 1 r q+m+i 1 1 r q+rn+l-i T\ 

q,z,w>=}^}^ * g + m,m;2> C . B ., 49 

m^o ^i (u;*) 1+a (3*) 1+r 

whereas the unnormalized parabose conserved- charge coherent states themselves are [9] 

oo m+l V V U S 

I q,v,u > — , \q + m,m:i > . (50) 

m^O ti 2 ™ V / [^]!["^]![2±|±l]![2±I0±O]T 

The inner product of | q, z,w > and | q, v, u > is 

oo m+l /„,* \ r / „,* \ s i -y s 

\C*,B* 



1 



c* 

z* — v* w* — u* 



\ B *=5(z* -v*)5(w*-u*), (\z*\ > \v*\,\w*\ > \u*\). (51) 



These satisfy the contour form of the resolution of unity 

d z* d w* 



c Jb* 2iri 2m 



q : z,w > < q, z, w\ 



oo m+l 

= ^2 \Q + m 5 m i i >< q + "m,m;i\ = I q . (52) 

m=0 i=l 

where I q is the unity operator in the q > sector. 

In summary, working in the number basis, in this paper we construct the creation operator 
eigenvectors for single-mode parabosons and parafermions, and for the two-mode conserved- charge 
parabosons. The contour forms of the associated resolutions of unity are obtained. 

This work was partially supported by the National Natural Science Foundation of China and 
by U.S. Dept. of Energy Contract No. DE-FG 02-96ER40291. 
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Appendix 



A Proof of paragrassman integration formula: 

We write £ = Y%=i where the Green components 6 satisfy the relations 

{6,6} = 0, &,&]=0 (i^j). (53) 



Also, 



z i=i z i<j 

:k*,flr = n! e •••,(^r,e]) p =PUi*---ai---ep, (54) 

Z h<-<in ^ 



SO 



_ 1 re* 

e 



-E^a; e ^•••^•••c + ---+6---^r---e; (55) 

»<j ii<— <i„ 

For paragrassman integration, we adopt 

/ <?Ui ■ ■ ■ C P = 1 , J & ■ ■ ■ i in = (0 < n < p) (56) 

where d p £ = d£i • ■ • d£ p . These give (41). 

By (56), the integral JC d/i(6D (C) m with = d p £ d p £* e~^*& is non-zero only 

when n = m. So in this integration, we identify 

r(rr~(no 2 E (57) 

n<---<«n 

r(o p ~(pov (58) 
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In the sum in (57) there are a total of Pj termsQ, and each such term contributes only once in 
the paragrassman integration; thus, 

/ C *t dX c-i^-fl (CT = (n\y (£j = = {n}\. (59) 

B Proof of paragrassman differentiation formula: 

The left-differentiation with respect to £ is defined by 

8 v 8 

! = (60) 

where 

^,«=i,[|,a=oNj). (M) 

In terms of Green components, £ n can be expressed as 

r = n! £ &■•■&» ( 62 ) 

il<—«n 

where there are (*a terms in the sum. For each j, in 

|r= n! tl-( £ £«•••&«), (63) 

' /C i=l ii<-<i„ 

there are (j^I*) terms in the inner summation which involve £j and which survive after So 
there are a total of n\ p (^Zi) terms on the "rhs" of (63) and they are of the form ^ • • • 
with i x < • • • < z n _i. These are precisely the terms appearing in the Green component expansion 



5 (V 



denotes the ordinary binomial coefficient. 
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of £ n 1 . By considering the symmetry of the Green components, we obtain the proportionality 
factor 

n\v( p -]) 

= n(p + 1 - n) = {n} (64) 



so 



= wr 1 (o<n< P ). (65) 



Right-differentiation can be dealt with in a similar manner. 



References 

[1] Fan H Y, Liu Z W and Ruan T N 1984 Commun. Theor. Phys. (Beijing) 3 175 
Fan H Y and Klauder J R 1994 Mod. Phys. Lett. A9 1291 

[2] Heitler W 1954 The Quantum Theory of Radiation Sec. II. 8 (Claredon Press; 3rd ed.) 

[3] Dirac P A M 1943 Commun. Dublin Inst. Adv. Studies Ser. Al 1 

Schwinger J 1970 Quantum Kinematics and Dynamics Sec. 4.8 (W.A. Benjamin, N.Y. ) 

[4] Vourdas A and Bishop R F 1996 Phys. Rev. A53 R1205 

[5] Green H S 1953 Phys. Rev. 90 270 

Volkov D V 1960 Sov. Phys. JETP 11 375 

Greenberg O W and Messiah A M L 1965 Phys. Rev. 138 B1155 

[6] Ohnuki Y and Kamefuchi S 1982 Quantum Field Theory and Parastatistics (Berlin: 
Springer- Verlag) 

[7] Sharma J K, Mehta C L and Sudarshan E C G 1978 J. Math. Phys. 19 2089 

13 



Bagchi B and Bhaumik D 1998 Mod. Phys. Lett. A13 623 

Jing S 1998 "Two-paraboson coherent states" J. Phys. A: Math. Gen. 31 in press 



[9] Jing S and Nelson C A 1998 Preprint SUNY BING 5/21/98, |iep-th/98052"T4 



[10] Jing S and Nelson C A 1998 Preprint SUNY BING 7/1/98, [hep-th/9807047 



[11] Jing S 1998 "A new kind of deformed calculus and parabosonic coherent states" J. Phys. A: 
Math. Gen. 31 in press 

[12] Bhaumik D, Bhaumik K and Dutta-Roy B 1976 J. Phys. A: Math. Gen. 9 1507 



14 



